Super Poincare algebra in D = 6 space-time dimensions has been analysed in terms of quaternion analyticity of Lorentz group. Starting the connection of quaternion Lorentz group with SO(1, 5) group, the SL(2, H) spinors for Dirac & Weyl representations of Poincare group are described consistently to extend the Poincare algebra to Super Poincare algebra for D = 6 space-time.
Introduction
The higher dimensional theories have become [1, 2] an essential part for the modern development of self consistent field theories. Since these are eligible for answering most of the hierarchy anomalies that occurring at very high range of energy. Supersymmetry and supergravity theories have a well and consistent structure, they originates in a spontaneous way by the maximum extension of symmetries of S-matrix of QFT [3, 4] . Higher dimensional Supersymmetric theories [5] are the most possible gauge theories in order to understand the theories of everything (TOE). Previously, It has been shown that supersymmetric theories are possible only for the space-time dimensions of 3,4,6,10 [6] .Simultaneously the connection between higher dimensional supersymmetric field theories and division algebra has already been established by Kugo-Townsend [7] , Lukereski-Topan [8] and Seema-Negi [9] . Likewise the reduction of higher dimensional supersymmetric gauge theories to lower dimensional space has also been studied explicitly by Schwartz-Brink [10] . On the other hand in view of Hurwitz theorem there exists [11] four normed division algebras R,C,H andO respectively named as the algebras of Real numbers, Complex numbers, Quaternions and Octonions. It is pointed out that by Kugo-Townsend [7] that the supersymmetric gauge theories are well examined forD = 3, 4, 6, 10 in terms of components of division algebra respectively associated with the algebra of real numbers R (for D=3), of complex numbers C (for D = 4), quaternions H (for D = 6) and octonions O (D = 10).
Keeping in view the utility of higher dimensional space time and the physics beyond standard model focused on Supersymmetry, in the present paper we have made an attempt to discuss Super Poincare algebra in D = 6 space-time dimensions by Quaternion algebra (H). The manuscript extensively studied the quaternion analyticity of Lorenz group and its connection with SO(1, 5) group, the SL(2, H) spinors, Dirac and Weyl representation of Poincare group followed by the extension of Poincare algebra to Super Poincare algebra for D = 6 space-time.
The Quaternion analyticity of Lorentz group:
A proper Lorentz transformation in D = 4 space is defined as
which forms a non-compact Lie group SO(1, 3) satisfying the following condition of metric preserving group [12] i.e.
Here the metric is defined as (η µν = 1, −1, −1, −1). The Lorentz group SO(1, 3) has universal covering group SL(2, C) which is isomorphic to the projective group of Möbius transformation
Let us construct the mapping from Minkowski space to the set of Hermitian complex 2 × 2 Pauli matrices such that a four-vector is described as
where σ 0 =Î, σ j 's are 2 × 2 Pauli spin matrices. In order to write the quaternion analysis of SL(2, C)
group, we define a quaternion [13] as
where (q 0 , q 1 , q 2 , q 3 ǫR) and e 0 =1, e ′ j s are the quaternion units satisfying the following multiplication rule
Here δ jk is the Kronecker delta symbol and ǫ jkl is the three index Levi-Civita symbol. Quaternion units e ′ j s are well connected with Pauli matrices as e 1 ←→ −iσ 1 , e 2 ←→ −iσ 2 , e 3 ←→ −iσ 3 . The universal covering group of quaternions is Sp (1, H) . Under the identification with Pauli matrices there is a correspondence between Sp(1, H) and U Sp(2, C) [14] but they describe Euclidean transformation in D = 4 space time (rotation in S 3 sphere).We may now generalized the SL(2, C) group (i.e. the special linear group of 2 × 2 complex matrices) to the SL(2,H) group (i.e. the special linear group of 2 × 2 quaternion matrices). Here we split one imaginary unit i (iǫC) to the triplet e j (e j ǫH(∀j = 1, 2, 3)).
So the Pauli matrices are generalized to 2x2 quaternion [15] Γ matrices as
where
,
As such the quaternion 2 × 2 Γ matrices represent aD = 6 space time. So, a six-dimensional Minkowski vector is thus defined as
which has the determinant
followed by the metric η µν = (1, −1, −1, −1, −1, −1). For SL(2, H) group, the determinant of eq. (8) turns out to be unity. So, the Möbius transformation for SL(2, H) [16] are written as
The matrix groups in quaternion case S 4 → H are the compact groups Sp(2, H) and its subgroup SU (2) × SU (2) ∼ = spin(4) is related to rotation in the sphere and the compact SL(2, H) describes general non-Euclidean transformations. Thus there exists is Lie algebra isomerism SL(2, H) ∼ = SU * (4) ∼ = SO(5, 1) [14, 16] . However, the group Sp(2, H) is isomorphic to U Sp(4, C) which is 10 dimensional. So Sp(2, H) is well connected with SL(2, H) group. Moreover, there is a correspondence between projective groups and uni-modular groups respectively associated with the division algebra of real numbers (R), Complex numbers(C) and the quaternions (H) i.e.
Under the transformation of SL(2, H), X transforms as
3 The Quaternion Lorentz group of SO(1, 5):
Considering the metric in D = 6 space as η µν = {1, −1, −1, −1, −1, −1}, RǫO(1, 5) satisfy the condition (2) of metric preserving group by
where R is to be taken as 
Substituting this to eq. (14) we get r 00 = r 11 = r 22 = r 33 = r 44 = r 55 = 0, r ij = −r ji , r oi = r i0 (∀i, j = 1 to 5), according the generators forSO(1, 5) group may be written. The determinant of R turns out to be unity. Thus we may easily define the rotation and Lorentz boost generators of SO (1, 5) group respectively denoted by L ij and N 0i . For SO(1, 5) group there exists 10 generators of rotation associated with L ij matrices followed by 5 generators corresponding to the Lorentz boost matrices N 0i .
Both L ij and N 0i are traceless matrices. The five Lorentz boost generators N 0i are symmetric, while the other ten rotation generators L ij are antisymmetric. Matrices L ij and N 0i are discussed in the appendix-I.We have used the mappings J ij = iL ij and K oi = iN 0i (∀i, j = 1, 2 to 5).
So the commutation relations are obtained as
The generators J ij and K 0j are respectively associated with the generators of angular momentum and Lorentz boosts. These equations can be combined together in tensorial form by taking M ij = J ij and M 0i = K 0i (∀i, j = 1, 2 to 5). So the algebra of quaternion Lorentz group SO(1, 5) describes the following structure
where the metric for SO(1, 5) group is defined as{η µν = +1, −1, −1, −1, −1, −1}.
Formulation of SL(2, H)
Let us define a vector x µ {∀µ = 0, 1, 2, 3, 4, 5} in D = 6 space as
Likewise, the six Γ-matrices of eq.(8) can be described in contra and covariant matrices as
The Γ matrices thus satisfy the Clifford algebra relation
Similarly T r(Γ µΓν ) = 2η µν where the trace is defined as T r(P ) = Re[T r(P )] for P ǫSL(2, H). It is to be noted that the Γ µ matrices are quaternion Hermitian matrices Γ µ † = Γ µ where adjoint of matrices is for the transpose of quaternion conjugation operation [15] . The Lorentz groupSO(1,
space-time is homomorphic to the SL(2, H)group of 2x2 quaternion matrices i.e.
where a, b, c, d are quaternion numbers. Under the Lorentz transformation the invariant quantity is related to the X as
which is also invariant under the transformation of SL(2, H) group. Since any quaternion matrix can be written as linear combination of Γ µ matrices, we write the elements 'h' of the group SL(2, H) as
where h 0 , h k (k = 1 to 5) are quaternion numbers and Γ µ matrices are defined in eq. (8) . The change in
x µ under the Lorentz transformation can be described as
where Λ µ ν is an element of Lorentz group in D = 6 space-time. The corresponding transformation of X that leaves invariant the detX = η µν x µ x ν , is described under the SL(2, H) group as
where h † is quaternion conjugate of h. Since the scalar product η µν x µ x ν is invariant under Lorentz transformation, we should have [17] det X =det X ′ .
using the properties T r(Γ µΓν ) = 2η µν and T r(Γ µ Γ ν ) = 2δ µ ν we get
This equation gives the explicit relation between Λ µ ν elements of Lorentz group in D = 6 space to the elements of SL(2,H) group. The group homomorphism betweenΛ µ ν and SL(2, H) may then be described by the relation between the components of Λ µ ν and h(hǫSL(2, H))as
where ǫ ijk is Levi-Civita tensor and i, j, k → 1, 2, 3 andh i is the quaternion conjugate of h i . So, the homomorphism between quaternion Lorentz group and SL(2,H) group is established in terms of the following properties i.e.
(i) Λ 0 0 ≥ 1 since the norms of division algebras R, C, H,O is always positive .
can be easily verified by the cyclic property of the trace of Quaternion matrices.
It is obvious that
Hence the homomorphism between SL(2, H) group of quaternion matrices and Lorentz group in D = 6 space has been established consistently.
Quaternion Spinors in SL(2, H):
Let us write a vector and its conjugate in SL(2, H) representation as
where x q is a quaternion element and x q † is quaternion conjugate of x q . The X of equation (31) transforms as vector under endomorphic transformation in SL(2, H), whileX can be obtained from X by space inversion operation . Similarly the two component quaternion spinors are defined as
where ′ † ′ correspond to the quaternion Hermitian conjugate operation onΨ. The transformation properties under SL(2, H) of undotted spinor and it's conjugate are such as
while the dotted spinors and its conjugate transform [12] as
where transformation properties under SL(2, H) :
So the differential operator is defined as
which acts on a two component quaternion spinor.
The pure Lorentz boost transformation does not form closed group. However it is embedded with the group of rotation generators J ′ i s in general Lorentz group. But both of these behave differently under parity transformation J i → J i and K i → −K i [18] 
It is stated earlier that theories which transform as a linear representation of supersymmetry must have same number of bosonic and fermionic degrees of freedom. So for D = 6 dimensions the massless vector particle acquires D − 2 = 6 − 2 = 4 degrees of freedom. While a spinor is described by 2 D/2 = 2 3 = 8 dimensions [10] . Therefore for the generalization of the theory to supersymmetric case we need 8 dimensional Υ− matrices. Hence we adopt the procedure to extend from 2 → 4 and 4 → 8 dimensions. Let us write the 4-dimensional generalization of Γ matrices are described in terms of following 4x4 Dirac matrices to update quaternion supersymmetrization i.e.
This representation of γ− matrices satisfies the Clifford algebra relation
Accordingly, the γ 6 D matrix is described as
which comes out to be
Here γ 
which satisfy the commutation rules of the Lie algebra of Lorentz group in D = 6 space as
along with
The 8 × 8 fully reducible quaternion generalization ofγ− matrices is now be taken as
and the 8 × 8 Lorentz generators are defined as
This equation satisfies the commutation relation of Lorentz group in D = 6 space-time as
Thus, we get the remaining commutation relations of Poincare algebra in D = 6 space as
7 Weyl Basis for Chiral Representation :
However, it is well known that at extreme relativistic limit the fermions behave differently to electroweak interaction (called helicity conserved interactions). Yet the Lagrangian of standard model doesn't remain parity conserved. So, the Weyl representation is advantageous because it separates the left handed spinors to right handed spinors [19, 20] . As such, the 4-dimensional generalization of Γ−matrices given by equation (8) is generalized in terms of following 4 × 4 Weyl matrices to update quaternion supersymmetrization i.e.
Likewise, the properties of γ µ W − matrices also satisfy the Clifford algebra relation (39). As such, equation (49) leads to the conclusion that the γ 0 W matrices in Weyl representation is non-diagonal. On the other hand, the diagonal representation of Weyl matrices is associated with the pseudoscalar matrix as:
which comes out to be diagonal stating that the solutions of Weyl equations are the eigenstates of helicity rather than energy (contrary of Dirac representation). Thus the γ− matrices together withγ 6 W satisfy the following properties . So, it acts as chiral operator for massless fermions.
However, the eigenvalue of γ 6 W is same as that of the helicity operator for particle while it goes reversed to that of helicity operator for antiparticles. Thus chirality and helicity has same meaning for particles but they have opposite nature for antiparticles. Hence, the generators of homogeneous Lorentz group associated with angular momentum and Lorentz boosts {Σ µν (∀µ, ν = 0 to 5)} in D = 6 space are described as 4x4 matrices in the following manner i.e.
Here we have defined the Lorentz transformation of quaternion four dimensional spinor ϕ(x) in D = 6
space is as
where the operator S(ω) = exp( 1 2 Σ µν ω µν ). The ω µν is infinitesimal quaternion parameter and Σ µν are the generators of Lorentz group in D = 6 space. So, the infinitesimal change for spinor given by
Thus the Lorenz generators Σ µν satisfy the following relation of Lie algebra of SO(1, 5) i.e.
In order to describe the quaternions supersymmetry, it is customary to extend the 4x4 representation of Lorentz group to 8 × 8 matrix representation in terms of Weyl representation of Υ− matrices i.e.
which also satisfy the Clifford algebra relation of equation (39). Similarly, the generators of Lorentz group for Weyl representation are defined as
It comes out to be fully reducible representation and reproduces the Lorentz transformation for eight dimensional spinor in D = 6 space as
where the Ω µν is infinitesimal antisymmetric quaternion parameter and Ψ(x) is eight dimensional Weyl spinor in D = 6 space.
8 Super-Poincare algebra in D = 6 Space:
The Lie algebra of Lorentz group SO(1, 5) in equation (54) may also be written by the generalization of equation (17) in the following expression i.e.
For the description of Super Poincare algebra in D = 6 space, we have defined the linear momentum operator P µ {µ = 0 to 5} as the generators of translation symmetry in D = 6 space. So, the Poincare group in D = 6 space is described in terms of commutation rules between generators of homogeneous Lorentz group M µν and linear momentum operators P µ in the following manner
where P µ has 6− generators while the P µ and M µν spans the 15 dimensional space of homogeneous Lorentz group in D = 6 space. As such, the Poincare algebra in D = 6 space contains 6 translation, 
Defining the composition rule ⋆ in L such as
where AǫL r BǫL s and A ⋆ BǫL r+s mod 2 .g(L r ), g(L s ) are the order of grading for the sub -algebras L r and L s defined as
So, g(L 0 ) = 0 and g(L 1 ) = 1. Taking these considerations we get the commutation relations as
which enables the following commutation rules
gives rise the following anti commutation relations for spinors
As such, the L 0 contain the generators of Poincare algebra of D = 6 space. So, there must be
where α µ = −2(Υ µ C) ab and β µν = (Ξ µν C) ab , C is charge conjugation matrix and Ξ µν are the representations of Lorentz algebra in D = 6 space. However, by the generalized Jacobi identity the second term β µν in equation (66) vanishes and hence, we get the anticommutator rule
Multiplying both side of the above equation by C and imposing Majorana condition (CQ) a = −Q a , we get
So we find out the representation of super-Poincare algebra in D = 6 space as 
where Q l and Q m are two dimensional Weyl spinors. So by substituting Q andQ from this equation we get
which is the part of Super Poincare Algebra in D = 6 space.
